Abstract. In 1958, L.J. Mordell provided the formula for the integral of the product of two Bernoulli polynomials, he also remarked: "The integrals containing the product of more than two Bernoulli polynomials do not appear to lead to simple results." In this paper, we provide explicit formulas for the integral of the product of r Bernoulli polynomials, where r is any positive integer. Many authors' results in this direction, including Nörlund, Mordell, Carlitz, Agoh and Dilcher are special cases of the formulas given in this paper.
Introduction
Nearly 90 years ago, Nörlund gave the following formula for the integral of the product of two Bernoulli polynomials in his book "Vorlesungen uber Differenzenrechnung":
(see [6, p. 31] ). Nielsen and Mordell provided two different proofs of (1.1) in [6] and [5] respectively. Mordell remarked:" The integrals containing the product of more than two Bernoulli polynomials do not appear to lead to simple results." (See [5, p. 375] ). But Carlitz [2] obtained an explicit formula for the integral of the product of three and four Bernoulli polynomials which extends (1.1). Later, Wilson [8] Recently, Wilson's result has been generalized by Agoh and Dilcher [1] . In fact, they proved the following result: 
Let r be any positive integer. In this paper, we provide explicit formulas for the integral of the product of r Bernoulli polynomials which lets all the previously known results for the integral of the products of Bernoulli polynomials become special cases (see Remark 1.6 below).
Before stating our main results, we introduce the definition and some basic properties of multinomial coefficients. Since the binomials coefficients have been used by Agoh and Dilcher in [1] to get their formulas of the product of three Bernoulli polynomials, in order to get more general ones, we need some information on multinomial coefficients. They are defined to be the number
where k 1 + · · · + k r = µ and k 1 , . . . , k r ≥ 0 (see [4, p. 142] ). When r = 2, we obtain the binomial coefficients
The multinomial coefficients can be extended as follows: 
. . , k r − 1 and the symmetry property
where σ is any permutation of (1, . . . , r).
For any positive integer m and any nonnegative integer n, using the multinomial coefficients, we may write down the following multinomial formula which tells us how a sum with m terms expands when raised to an arbitrary power n. 
where the sum is over all m-lists (k 1 , k 2 , . . . , k m ) of nonnegative integers that sum to n.
For any µ ≥ 1 and k 1 , . . . , k r ≥ 0, we have 
Remark 1.6. In Theorem 1.5, when r = 2 and x = 1, we obtain the results of Nörlund [7] and Mordell [5] , when r = 3 and x = 1, we obtain the result of Carlitz [2] , when r = 3, we obtain the result of Agoh and Dilcher [1] .
From Theorem 1.5 and the invariance by permutation of r-lists (k 1 , . . . , k r ) in the integral I k 1 ,...,kr (x), we have the following result. Corollary 1.7. Let T k 1 ,...,kr (x) be the right-hand side of (1.10), and let σ ∈ S r , where S r is the symmetric group of degree r. Then for all k 1 , . . . , k r ≥ 0,
The following parts of this paper are organized as follows. In section 2, we recall the definitions and some properties for the Bernoulli polynomials, in particular well-known facts for the integral of one Bernoulli polynomial. They will be used in the proof of the main result of this paper. In section 3, by using our formulas, we derive several examples including some formulas by previous authors. In sections 4 and 5, we shall prove Proposition 1.4 and Theorem 1.5 respectively.
Bernoulli polynomials
The Bernoulli polynomials B k (x) are defined by the exponential generating function
te
They satisfy the following well-known identities:
Let B k = B k (0) be the Bernoulli numbers. From the above definition of B k (x), we conclude that all the B k are rational numbers. It is wellknown that B 2k+1 = 0 for k ≥ 1, and B k have alternating signs for even k. Letting x = 0 in (2.5), we get the following special value of the Bernoulli polynomials:
(see [1] ).
Some further consequences
In this section, we show that Theorem 1.5 implies several results by previous authors. 
Proof. By (1.7), we have
Substituting (3.2) into (3.3), we have
By (1.7), we have
Substituting (3.5) into (3.6), we have
By (1.10), we have
Substituting (3.4) and (3.7) into (3.8), we have
By (1.4) and (1.5), we have
Substituting (3.11) into (3.10), we obtain (3.1).
and (3.14)
Substituting (3.13) and (3.14) into (3.15), we obtain (3.1).
Letting r = 4 in Theorem 1.5, we have: Proposition 3.3.
Using (1.7), (2.5) and Proposition 3.3, we obtain the following equalities by integrating from 0 to 1:
, and
. Therefore, without loss of generality we assume that
since B k 4 +a+1 = 0 if k 4 + a + 1 ≡ 0 (mod 2). By (3.18), we see that (3.19)
Thus from (3.16) and (3.19) we get the following table:
From now on, we will use the fact that B 2i+1 = 0 for i ≥ 1. Thus, if k j − i j are odd for j = 1, 2, 3, then k j − i j must be 1, so we only need to consider the following four cases: (A) We put i 1 = k 1 − 1. Then by (3.18) and a = i 1 + i 2 + i 3 , we have
Using (3.16), (3.17), (A), (B), (C) and (D)
, we obtain the following theorem.
Theorem 3.4.
( 
B6
Letting k 1 = 0 and k 2 = k, k 3 = l, k 4 = m in Theorem 3.4, we obtain the following formula for the integral of the product of three Bernoulli numbers:
Proof of Proposition 1.4
Using integration by parts, along with (1.7) and (2.3), we obtain (4.1)
From (2.3) we have
From this and (1.7) we have
and substituting (4.3) into (4.1) we get (4.4)
From (1.7) and (4.4), we have (4.5)
Now we prove the case when µ ≥ 1 in Proposition 1.4 by induction. For µ = 1 it just reduces to (4.5). Now we assume that Proposition 1.4 holds for some µ ≥ 1. Write
Equation ( 
From (4.5) we have (4.8) Then we have (4.11)
. . . ,
From (4.8) and (4.11) we get (4.12) Substituting (4.13) into (4.7), we get Proposition 1.4 when µ+1, which completes our proof. 
